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1. Introduction 
 
One may choose not to disagree with the view that exactly solvable systems are, by 
some (debatable) definitions, trivial. Nonetheless, exact solutions of the wave equation 
are important because of the conceptual understanding of physics that can only be 
brought about by such solutions. These solutions are also valuable means for checking 
and improving models and numerical methods being introduced for solving complicated 
physical problems. In fact, in some limiting cases or for some special circumstances 
they would constitute analytic solutions of realistic problems or approximations thereof. 
Most of the known exactly solvable problems fall within distinct classes of shape 
invariant potentials.1 All potentials in a given class, along with their corresponding 
solutions (energy spectra and wavefunctions), can be mapped into one another by point 
canonical transformation (PCT).2 Henceforth, only one problem (the reference 
problem) in a given class needs to be solved to obtain solutions of all others in the 
class. PCT maintains the functional form of the wave equation (i.e. shape invariance of 
the potential). In other words, it leaves the canonical form of the wave equation 
invariant. As a result, a correspondence map among the potential parameters, angular 
momentum, and energy of the two problems (the reference and target problem) is 
obtained. Using this parameter substitution map and the energy spectrum of the 
reference problem one can easily and directly obtain the spectra of all other potentials in 
the class. Moreover, the wavefunctions are obtained by simple transformations of that of 
the reference problem. Supersymmetric quantum mechanics3 and potential algebras4 are 
two among other methods beside PCT which are used in the search for exact solutions 
of the wave equation. In nonrelativistic quantum mechanics, this development was 
carried out over the years by many authors where several classes of shape invariant 
potentials being accounted for and tabulated.1 It was also extended to other classes of 
conditionally exactly5 and quasi exactly6 solvable problems where all or, respectively, 
part of the energy spectrum is known. 
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The relativistic extension of these formulations, on the other hand, remained for a 
long time only partially developed. Despite all the work that has been done over the 
years on the Dirac equation, its exact solutions for local interaction has been limited to a 
very small set of potentials. Since the original work of Dirac in the early part of last 
century up until 1989 only the relativistic Coulomb problem was solved exactly. In 
1989, the relativistic extension of the oscillator problem (Dirac-Oscillator) was finally 
formulated and solved by Moshinsky and Szczepaniak.7 Recently, and in a series of 
articles,8-11 we presented an effective approach for solving the three dimensional Dirac 
equation for spherically symmetric potential interaction. Although the first steps were 
plagued with problems of misinterpretations,12-14 the findings were always sound 
independent of those considerations. The first step in the program started with the 
realization that the nonrelativistic Coulomb, Oscillator, and S-wave Morse problems 
belong to the same class of shape invariant potentials which carries a representation of 
so(2,1) Lie algebra. Therefore, the fact that the relativistic version of the first two 
problems (Dirac-Coulomb and Dirac-Oscillator) were solved exactly makes the solution 
of the third, in principle, feasible. Indeed, the relativistic S-wave Dirac-Morse problem 
was formulated and solved in Ref. 8. The bound state energy spectrum and spinor 
wavefunctions were obtained. Taking the nonrelativistic limit reproduces the familiar S-
wave Schrödinger-Morse problem. Motivated by these positive results, the same 
approach was applied successfully in obtaining solutions for the relativistic extension of 
yet another class of shape invariant potentials.9 These included the Dirac-Scarf, Dirac-
Rosen-Morse I & II, Dirac-Pöschl-Teller, and Dirac-Eckart potentials. Furthermore, 
using the same formalism quasi exactly solvable systems at rest mass energies were 
obtained for a large class of power-law relativistic potentials.10 Quite recently, Guo 
Jian-You et al succeeded in constructing a solution for the relativistic Dirac-Woods-
Saxon problem using the same approach.15 In the fourth and last article of the series in 
our program of searching for exact solutions to the Dirac equation,11 we found a special 
graded extension of so(2,1) Lie algebra. Realization of this superalgebra by 2×2 
matrices of differential operators acting in the two component spinor space was 
constructed. The linear span of this graded algebra gives the canonical form of the radial 
Dirac Hamiltonian. It turned out that the Dirac-Oscillator class, which also includes the 
Dirac-Coulomb and Dirac-Morse, carries a representation of this supersymmetry. An 
extended point canonical transformation (XPCT) was introduced in Ref. 11. It maps 
all relativistic potentials belonging to a given class into one another. Therefore, just like 
in the nonrelativistic case, only one problem (the reference problem) in a given potential 
class needs to be solved to obtain solutions of all other relativistic problems in the class 
using the XPCT maps. 
 
The approach is initiated by writing the relativistic Hamiltonian for a Dirac spinor 
coupled non-minimally to a four-component potential 0( , )A A
!
. Spherical symmetry is 
imposed on the interaction by restricting the potential to the form 0( , )A A
!
 = 
[ ( ), ( )]V r rW r" , where "  is the Compton wavelength scale parameter mc# , and r  is 
the radial unit vector. V(r) and W(r) are real radial functions referred to as the even and 
odd components of the relativistic potential, respectively. The resulting Dirac equation 
gives two coupled first order differential equations for the two radial spinor 
components. By eliminating one component we obtain a second order differential 
equation for the other. The resulting equation may turn out not to be Schrödinger-like, 
i.e. it may contain first order derivatives. A global unitary transformation is applied to 
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the Dirac equation to eliminate the first order derivative. This, almost always, makes the 
solution of the relativistic problem easily attainable by simple and direct 
correspondence with well-known exactly solvable nonrelativistic problems. The 
correspondence results in a map among the relativistic and nonrelativistic parameters. 
Using this map and the known nonrelativistic energy spectrum one can easily and 
directly obtain the relativistic spectrum. Moreover, the two components of the spinor 
wavefunction are obtained from the nonrelativistic wavefunction using the same 
parameter map. The Schrödinger-like requirement produces a constraint in the form of a 
linear relation between the two potential components as ~V W rκ+ , where κ is the 
spin-orbit quantum number defined as κ = ± (j + ½) for $  = j ± ½. This will result in a 
Hamiltonian that will be written in terms of only one arbitrary potential function; either 
V(r) or W(r). Meeting the Schrödinger-like requirement is generally possible only 
because of the degree of flexibility brought about by the presence of two potential 
components. However, the unitary transformation is not necessary when V = 0. This 
corresponds to the case of the superpotentials 2U U ′± , where U W rκ= + . The Dirac-
Oscillator, where W ~ r, is an example of such a case. The Dirac-Scarf and Dirac-
Pöschl-Teller potentials are also two among other such examples. 
 
The paper is organized as follows. In Sec. 2, an overview of the technical details of 
the formalism will be presented. Implementation of the approach on selected potential 
examples will be given in the same section while a comprehensive list will be displayed 
in a tabular form. Sec. 3 will be devoted to a brief introduction to the extended point 
canonical transformation (XPCT), which will then be applied to the Dirac-Oscillator 
and Dirac-Rosen-Morse potential classes. The paper concludes with a short summary. 
 
 
2. Overview of the Approach 
 
 In this section a brief summary will be given for the approach which is proposed to 
solve the three dimensional Dirac equation for spherically symmetric potential 
interactions. The aim is to produce Schrödinger-like equation for the spinor components 
making the solution of the relativistic problem easily obtainable by simple 
correspondence with well-known exactly solvable nonrelativistic problems. 
 
 In atomic units (m = #  = 1) and taking the speed of light c = 1−" , we write the 
Hamiltonian for a Dirac particle coupled to a four-component potential 0( , )A A
!
 as 
follows: 
0
0
1
1
A i i A
H
i i A A
σ σ
σ σ
 + − ⋅∇ + ⋅
=  
− ⋅∇ − ⋅ − + 
!!! !" " "!!! !" " "
 
where σ!  are the three hermitian 2×2 Pauli spin matrices. It should be noted that this 
type of coupling does not support an interpretation of 0( , )A A
!
 as the electromagnetic 
potential unless, of course, 0A =
!
 (e.g., the Coulomb potential). Likewise, H does not 
have local gauge symmetry. That is, the associated wave equation is not invariant under 
the usual electromagnetic gauge transformation. Imposing spherical symmetry and 
writing 0( , )A A
!
 as [ ( ), ( )]V r rW r" , we obtain the following Dirac equation 
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2
2
 [ ( ) ]1 ( ) ( )
0
 [ ( ) ]( ) 1 ( )
j
lm
j
lm
i g r rV r i i rW r
f r r ri i rW r V r
χε σ σ
σ χσ σ ε
  + − − ⋅∇ + ⋅
=  
⋅− ⋅∇ − ⋅ − + −  
!! !" " "
! !! !" " "
 
where ε is the relativistic energy and the angular wavefunction for the two-component 
spinor is written as16 
1/ 2
1/ 2
1/ 2   1( )
2 1 1/ 2  
m
j
m m
m Y
m Y
χ
−
+
 ± +
Ω =   + ± + 
$
$
$
$
$ $ ∓
; for j = $  ± ½ 
1/ 2mY ±$  is the spherical harmonic function. Using spherical symmetry, which gives 
( ) ( , ) (1 ) ( , )L r rσ κ⋅ Ψ Ω = − + Ψ Ω!! , and the relations 
 
1( )( ) ( )
1 ( ) ( ) ( )
j j
m m
j j
m m
dFr F r F
dr r
dFF r F r
dr r
κσ σ χ χ
κσ χ σ χ
− ⋅∇ ⋅ = + 
 
+ ⋅∇ = + ⋅ 
 
$ $
$ $
!! !
!! !
 
we obtain the following two component radial Dirac equation 
2
2
( )1 ( ) ( )
0
( ) 1 ( ) ( )
d g rV r W r
r dr
dW r V r f r
r dr
κε
κ ε
  + − + −         =     + + − + −     
" "
" "
   (2.1) 
It results in two coupled first order differential equations for the two radial spinor 
components. Eliminating one component in favor of the other gives a 2nd order 
differential equation. This will not be Schrödinger-like (i.e., it contains first order 
derivatives) unless V = 0. To obtain Schrödinger-like equation in the general case we 
proceed as follows. A global unitary transformation 22( ) exp( )
iη ησ= "U  is applied to 
the Dirac equation (2.1), where η is a real constant parameter and 2σ  is the 2×2 Pauli 
spin matrix ( )0 0 ii − . The Schrödinger-like requirement relates the two potential 
components by the linear constraint [ ]( ) ( )V r W r rξ κ= + , where ξ is a real parameter. 
It also requires that sin(" η) = ξ±" . This results in a Hamiltonian that will be written in 
terms of only one arbitrary potential function; either the even potential component V(r) 
or the odd one W(r). Therefore, one of two possibilities will be encountered. In the first, 
κ will appear explicitly in the Hamiltonian along with the arbitrary potential component. 
The Dirac-Coulomb and Dirac-Oscillator are examples of such a case, which is solved 
for a general angular momentum.8 In the second, the odd potential component will 
always be written as ( ) ( )W r U r rκ= − , where U(r) is arbitrary and κ-independent. 
This will eliminate any reference to κ from the Hamiltonian as clearly seen by 
substituting this expression of W(r) in Eq. (2.1). S-wave relativistic problems including 
all of those in Refs. 8, 9, and 15 are of this type. The unitary transformation together 
with the potential constraint maps Eq. (2.1) into the following one, which we choose to 
write in terms of the odd potential component 
( ) ( )
( ) ( )
2
2
( )(1 1)
0
(1 1) ( )
d
r r dr
d
r rdr
rC W C W
C W C W r
κ κ
κ κ
φε ξ ξ
ξ ε ξ φ
+
−
   − + ± + + + −     =   + + + − − + +      
" " ∓
" ∓ ∓ "
 (2.2) 
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where C = cos(" η) and ( ) ( )gfφφ+− = U . This gives the following equation for one spinor 
component in terms of the other 
( ) ( )dr C W r
C r dr
κφ ξ φ
ε
±  = − ± + +  ±   
∓ "      (2.3) 
While, the resulting Schrödinger-like wave equation becomes 
2 2
2 2
2 2
12 ( ) 0d dUC U C U r
dr dr
ε
ξε φ ±
 −
− + + − = 
 
∓
"
    (2.4) 
where U W rκ= + . In all relativistic problems that have been successfully tackled so 
far, Eq. (2.4) is solved by correspondence with well-known exactly solvable 
nonrelativistic problems. This, of course, results in a dramatic reduction in the efforts 
needed to construct the solution of the relativistic problem. This welcomed 
simplification in the solution of the relativistic problem could be explained by looking 
at the nonrelativistic limit ( 0→" ). The limit, gives the following 
sin( )ξ η η= ± ≈ ±" " , 2 21C η≈ − " , 21 Eε ≈ + "  
where E is the nonrelativistic energy. Substituting in Eq. (2.3) shows that the lower 
spinor component ( )rφ −  vanishes (assuming that the wavefunctions are differentiable). 
On the other hand, Eq. (2.4) reduces to the following nonrelativistic equation 
2
2
2 2 2 ( ) 0
d dUU U E r
dr dr
ξ ψ
 
− + + − = 
 
∓      (2.5) 
Hence, the functional form of the wave equation is maintained in the limit. Therefore, it 
is justifiable to conclude that a correspondence map would, most certainly, be obtained 
by comparing the nonrelativistic Eq. (2.5) with the relativistic Eq. (2.4). This 
correspondence results in a parameter map that relates the two problems. Now, if the 
nonrelativistic problem is exactly solvable, then using this parameter map and the 
known nonrelativistic energy spectrum one can easily obtain the relativistic spectrum. In 
fact, the relativistic extension of any known dynamical relationship in the nonrelativistic 
theory could easily be obtained by this correspondence map. The Greens function, 
which has a prime significance in the calculation of physical processes, is such an 
example.17 Moreover, the spinor component wavefunction is also obtained from the 
nonrelativistic wavefunction using the same parameter map. It is to be noted that, 
typically, there exist only one nonrelativistic Schrödinger equation to be compared with 
the two relativistic equations for φ ± . Thus, two independent parameter maps will be 
obtained corresponding to the two spinor components. 
 
 The implementation steps of the approach will now be illustrated by applying it on 
two selected examples. First, we consider the Dirac-Coulomb problem where W(r) = 0. 
The Schrödinger-like requirement gives the potential constraint that yields V(r) = rξκ  
Z r≡ , where Z is the spinor charge. This gives Zξ κ=  and relates the transformation 
parameter to the physical constants of the problem as S ≡ sin( ) Zη κ= ±" "  = α κ± & , 
where α is the fine structure constant and ! is the dimensionless spinor charge in units 
of e. The wave equation (2.4), for the upper spinor component reads 
2 2
2 2 2
( 1) 12 ( ) 0d Z r
dr r r
γ γ ε ε
φ +
 + −
− + + − = 
 "
     (2.6) 
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where 2 2 2 2 2 2C Zγ κ κ κ α≡ = − = −" &  is the relativistic angular momentum. 
Comparing this equation with the nonrelativistic Schrödinger-Coulomb wave equation 
2
2 2
( 1) 2 2 ( ) 0d Z E r
dr r r
ψ
 +
− + + − = 
 
$ $       (2.7) 
gives, by correspondence, the following map between the parameters of the two 
problems: 
2 2
or 1
( 1) 2
Z Z
E
γ γ
ε
ε
→ → − −
→
→ −
$ $
"
        (2.8) 
The regular solution (where κ > 0) is obtained by taking the choice γ→$  in the above 
parameter map. Using this choice in (2.8) and the well-known nonrelativistic energy 
spectrum, 2 22( 1)nE Z n= − + +$ , we obtain the following relativistic spectrum 
1/ 22
1
1n
Z
n
ε
γ
−
  
= ± +  + +   
"
; n = 0,1,2,    (2.9) 
The regular energy eigenfunction solution for the upper spinor component is obtained 
from the nonrelativistic wave function using the same parameter map (with γ→$ ) as 
21 2 1( ) ( ) ( )nrnn n n n nr a r e L r
λγ γγ κ εφ λ λ
γ κ
−+ + ++=      (2.10) 
where 2 ( 1)n nZ nλ ε γ= − + + , ( )nL x
ν  is the generalized Laguerre polynomial18 and an 
is the normalization constant ( 1) 2 ( 2 2)n n nλ γΓ + Γ + + . The irregular solution (where 
κ < 0) is obtained by adopting the alternative choice 1γ→ − −$  in the parameter map 
(2.8). This gives the following energy spectrum and upper spinor component: 
1/ 22
1n
Z
n
ε
γ
−
  
= ± +  −   
"
; n = 0,1,2,     (2.11) 
2 2 1( ) ( ) ( )nrnn n n n nr a r e L r
λγ γγ κ εφ λ λ
γ κ
−+ − − −+=     (2.12) 
where 2 ( )n nZ nλ ε γ= − −  and ( 1) 2 ( 2 )n na n nλ γ= Γ + Γ − . On the other hand, the 
wave equation for the lower spinor component is obtained from Eq. (2.4) as 
2 2
2 2 2
( 1) 12 ( ) 0d Z r
dr r r
γ γ ε ε
φ −
 − −
− + + − = 
 "
     (2.13) 
Comparing this with the Schrödinger-Coulomb wave equation (2.7) gives the following 
parameter map 
2 2
1 or
( 1) 2
Z Z
E
γ γ
ε
ε
→ − → −
→
→ −
$ $
"
        (2.14) 
which results in the following regular (where, κ > 0 and 1γ→ −$ ) and irregular 
(where, κ < 0 and γ→ −$ ) lower spinor wave functions with energy eigenvalues 1nε −  
and 1nε + , respectively: 
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1
1
2 2 11
1 1 1
21 2 11 1
1 1
( ) ( 2 ) ( ) ( )
( ) ( ) ( )
( 1)( 2 1)
n
n
rn
n n n n n
rn n
n n n n
r a n n r e L r
ar r e L r
n n
λγ γ
λγ γ
γ κ ε
φ γ λ λ
γ κ
γ κ ε
φ λ λ
γ κγ
−
+
−− −−
− − −
−− − + − ++ +
+ +
−
= +
− −
=
+ − +
 (2.15) 
for n = 0,1,2,.. . The lowest energy states with 1 0ε ε γ κ− = − = −  are associated with the 
following two spinor wavefunctions, respectively 
 ( )
0
0 0
2  (2 ) 2
1
ZrZ Zr eγ κκ γ κ
φ −
   
Φ = = − Γ −   
  
 
 ( )0
1
2  ( 2 ) 2
00
ZrZ Zr eγ κ
φ
κ γ κ
+
− −   Φ = = Γ −   
  
 
 
 The second illustrative example is chosen to be the Dirac-Rosen-Morse problem 
where ( ) tanh( )V r B rλ= , B and λ are real potential parameters. The potential constraint 
gives the odd potential component ( ) ( ) tanh( )W r B r rξ λ κ= −  = ( ) tanh( )B S rλ± "  − 
rκ , where S = sin(" η). Eq. (2.4), for the upper spinor component reads 
22 2
2 2 2
1 12 tanh( ) ( ) 0
cosh ( )
d B B BB r r
dr T T r T
ελ ε λ φ
λ
+
 −   − − + + + − =    
     
" " "
"
  (2.16) 
where tan( )T S C η≡ = " . Comparing this with the nonrelativistic S-wave Rosen-
Morse equation19 
2
2
2 2
1( ) 2 tanh( ) 2 ( ) 0
cosh ( )
d A A B r A E r
dr r
λ λ ψ
λ
 
− − + + + − = 
 
 (2.17) 
gives the following parameter map: 
2 2 2 2
or
( 1) 2 or ( 1) 2 ( 2)
A B T A B T
B B
E E B T
λ
ε
ε ε λ λ
→ → − −
→
→ − → − − +
" "
" " "
  (2.18) 
Using this parameter map for the regular solution (where A B T→ " ) and the known 
nonrelativistic energy spectrum,19 we obtain the relativistic bound states energy 
spectrum as20 
( ) ( )
( ) ( )
1 22 22 2 2
2 2
1
1
n
B T B T n
B B T n
λ λ
ε
λ λ −
 + − −
 = ±
 + − 
" " "
" "
     (2.19) 
where max0,1,2,...,n n=  and nmax is the largest integer satisfying 
 ( )22max
1 1Bn B T
Tλ λ
− < +
" " "
"
 
Moreover, the same parameter map (with A B T→ " ) transforms the nonrelativistic 
wavefunction into the following regular solution for the upper spinor 
 ( ) 2 ( ) 2 ( , )( ) ( ) (1 ) (1 ) ( )n n n n n n n nn n n nr a C C z z P z
µ ν µ ν µ ν µ νφ ε + − + −+ = + − +  (2.20) 
where ( , ) ( )nP z
α β  is the Jacobi polynomial,18 and 
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 2
1 2
2
tanh( )
1 2 ( 1) ( 2 1)
2 ( 1) ( 1)2 n
n
n n n
n n
n
n n n n
z r
B T n
B
n n na
n nµ
λ
µ λ
ν ε λ µ
µ µλ
µ ν µ ν
=
= −
=
 + + Γ + Γ + +
=  Γ + + + Γ + − + 
"
   (2.21) 
Now, the second order differential equation for the lower spinor component reads 
22 2
2 2 2
1 12 tanh( ) ( ) 0
cosh ( )
d B B BB r r
dr T T r T
ελ ε λ φ
λ
−
 −   − − − + + − =    
     
" " "
"
 (2.22) 
Comparing it with the nonrelativistic S-wave Rosen-Morse equation (2.17) gives the 
following parameter map: 
2 2 2 2
or
( 1) 2 ( 2) or ( 1) 2
A B T A B T
B B
E B T E
λ
ε
ε λ λ ε
→ − → −
→
→ − + − → −
" "
" " "
  (2.23) 
The choice of map with A B Tα λ→ −  results in the following regular solution for the 
lower spinor component whose energy eigenvalue is 1nε +  
1 1 1 1 1 1 1 1
1 2
1 1 1 1 1
1
1 1
( ) 2 ( ) 2 ( , )
1
1 2 ( 1)( 1)
( )
3 2 ( 1)( 2 1)
( ) (1 ) (1 ) ( )n n n n n n n n
n n n n n
n n
n n
n n
n n n
r a
n n n
C C z z P zµ ν µ ν µ ν µ ν
µ µ ν µ ν
φ
µ µ
ε + + + + + + + +
− + + + + +
+
+ +
− + − +
+
 + + + − + + + +
=  + + + + + 
× − − +
  (2.24) 
where max0,1,2,..., 1n n= − . The irregular solution is obtained in the same manner using 
the alternative choice of parameter map. That is, by using the map in which 
A B T λ→ − −"  (respectively, A B T→−" ) for the upper (respectively, lower) spinor 
component. 
 
 A comprehensive list of all known (up to date) relativistic problems that are 
solvable by this approach is given in Table 1. For each problem, the Table lists the 
relativistic odd and even potential components, the transformation parameter, the bound 
states energy spectrum for the regular solution, and any relations among the parameters. 
To generate the parameter maps, Table 2 lists the 2nd order differential equations for the 
upper spinor components and their corresponding nonrelativistic Schrödinger equations. 
Table 3 lists the regular solution for upper spinor radial wavefunctions. The lower 
spinor components can be easily obtained starting from Eq. (2.4), with the lower sign, 
and following the same procedure as shown in the above two examples. The irregular 
solutions could, as well, be generated in an analogous manner as depicted above in the 
given examples.  
 
 
3. Potential-Class Invariant Maps 
 
 The dynamical symmetry of a physical problem could be exploited by studying 
the representations of its spectrum generating algebra. Realization of the generators of 
such algebra by differential operators facilitates study of the properties of the wave 
equation and its solutions. Potentials with symmetry that is associated with such algebra 
are grouped into classes. All problems in a given class could be mapped into one 
another by point canonical transformation (PCT). An example is the so(2,1) Lie algebra 
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which is the potential algebra for many three parameter problems in nonrelativistic 
quantum mechanics.21 Potentials associated with this algebra include, but not limited to, 
the oscillator, Coulomb, and S-wave Morse. The wavefunction solutions of this class of 
problems are all written in terms of the confluent hypergeometric function. All of these 
potentials can be mapped into the oscillator potential by PCTs. For this reason, this 
class is sometimes referred to as the oscillator class. A graded extension of so(2,1) Lie 
algebra was defined in Ref. 11. Its realization by two-dimensional matrices of 
differential operators acting in the spinor space was given therein. The linear span of 
this superalgebra gives the canonical form of the radial Dirac Hamiltonian, which 
carries a representation of this supersymmetry. It turned out that this graded algebra is 
the supersymmetry algebra for the class of relativistic potentials that includes the Dirac-
Oscillator, Dirac-Coulomb and Dirac-Morse potentials. It is, in fact, the relativistic 
extension of the oscillator class. A new point canonical transformation (XPCT), which 
is compatible with the relativistic wave equation, was formulated. It preserves the 
canonical form of the Dirac equation. Therefore, just like PCT in the nonrelativistic 
theory, XPCT maps the solution of a reference problem into other exact solutions of the 
Dirac equation that belong to the same class as the reference problem. In fact, XPCT 
maps the relativistic problems mentioned above into the Dirac-Oscillator problem. 
Therefore, if one starts with a relativistic problem whose solution is well established, 
applying XPCTs that preserve the structure of the wave equation will result in new 
solutions of the equation. Thus the reference problem acts like a seed for generating 
exact solutions. This scheme is suitable in the search for solutions of a given wave 
equation (e.g., the Dirac equation) by making an exhaustive study of all XPCTs that 
maintain shape invariance of the given equation. For clarity of the following 
presentation, we choose a notation where the configuration space coordinates for the 
reference problem is ρ while that for the target problem is r. Moreover, common 
parameters and variables are distinguished with the caret symbol for those belonging to 
the reference problem. XPCT is the transformation 
 
( )
( ) ( ) ( )
r q
r g
ρ
φ ρ φ ρ± ± ±
=
=
         (3.1) 
that leaves the relativistic wave equation (2.2) form-invariant. q(ρ) and ( )g ρ±  are real 
differentiable functions. Hermiticity and Schrödinger-like requirements give ( )g ρ± = 
 ( ) ( )q C Cε ε ′ ± ±  . Moreover, covariance of the wave equation results in the 
following condition 
1 1  ( ) ( )
2
qCU r CU
q q
ξ ξ ρ
′′ 
+ = + ′ ′ 
∓ ∓ ∓       (3.2) 
where q dq dρ′ ≡ , ( ) ( )U r W r rκ= +  and similarly   ( ) ( )U Wρ ρ κ ρ= + . Eq. (3.2) is 
an equality relation modulo a constant due to the derivatives. It gives the spin-orbit 
coupling κ of the target problem in terms of the reference problem parameters. It also 
results in an expression for the odd component of the relativistic potential, W(r), in 
terms of the reference problem quantities and the transformation function q. Equating 
the determinants of the two wave operators (equivalently, the corresponding 2nd order 
differential operators) and using Eq. (3.2) results in the following relation 
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( )
( )
2
2 2
2
22
2 2
2 2
12
1 1 1                  2
4
C U U
q qC U U CU
q qq
εξε
εξε ξ
−
+ − =
 ′′ ′′ −
+ − + +  ′ ′′    
"
∓
"
  (3.3) 
which gives the energy ε, thus completing the map among all parameters of the two 
problems. Using this parameter map and the known solution of the reference problem 
(energy spectrum and spinor wave functions), we obtain the solution of the target 
problem. As an example, we will give next a brief account of the Dirac-Oscillator class, 
its superalgebra and the associated XPCT map. 
 
 so(2,1) Lie algebra is a three dimensional algebra whose basis elements satisfy the 
commutation relations [ ]3 ,L L L± ±= ± , [ ] 3,L L L+ − = − . We define a graded extension of 
this algebra as the four dimensional superalgebra with two odd elements L± and two 
even elements L0, L3 satisfying the commutation/anticommutation relations [ ]3 ,L L±  = 
L±± , { } 0,L L L+ − = , and [ ] [ ]0 3 0, , 0L L L L±= = . L0 forms the center of this superalgebra 
since it commutes with all of its elements. A realization of the generators of this 
superalgebra by 2×2 matrices of differential operators acting in the two-component 
spinor space was constructed in Ref. 11. The odd operators, which are the raising and 
lowering operators in this two dimensional spinor space, are first order in the 
derivatives, whereas the even operators are zero and second order. Requiring that the 
linear span of this graded algebra be hermitian and first order differential gives the 
following 2×2 radial differential operator 
1 ( )
( ) 1
dU r
dr
dU r
dr
  −    
  + −    
"
"
       (3.4) 
where U(r) is a real function. This is identical to the canonical form of the Dirac 
Hamiltonian in Eq. (2.2) with η = 0 [equivalently, Eq. (2.1) with V(r) = 0] and U(r) = 
W(r) + rκ . This canonical form of the Dirac Hamiltonian is compatible with the 
Dirac-Oscillator reference problem defined (as shown in Table 1) with η = 0 and 
2( )W r rω= , where ω is the oscillator frequency. It is to be noted that an analogous 
feature also appears in the nonrelativistic theory. The linear span of so(2,1) Lie algebra 
results in a canonical form for the Schrödinger operator which is compatible with the 
nonrelativistic oscillator problem (See, for example, the Appendix in Ref. 10). 
Moreover, since L0 is the center of the superalgebra (i.e. a constant scalar) then the two-
component spinor must belong to the space of its eigenvectors. That is 0L Φ∝Φ . 
Therefore, using the differential matrix realization for this operator,11 we can write 
 
2
2
22
22
2
2
0
1
0
d U U
dr
d U U
dr
φ φ
ε
φ φ
+ +
− −
     ′− + −  −     =        ′− + +      
"
   (3.5) 
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Now, the solution of the Dirac-Oscillator problem could also be obtained following the 
same procedure used in the examples of Sec. 2. The regular and irregular solution has 
the following spinor wavefunctions, respectively 
2 2
1/ 2 2 2
2
1 1 2 2 2
1 ( ) ( )
( )
1 ( )
n n nrn
n
n n n n
a r L r
r e
a L r
κ κ
κ ω
κ κ
ε ω ωφ
ω
φ ε ω
++
−
− − −
 + 
 Φ = =   −   
   (3.6) 
2 2
1 1/ 2 2 2
1 1 121
1 2 2 2
1
1 ( )
( )
1 ( ) ( )
n n nrn
n
n n n n
a L r
r e
a r L r
κ κ
κ ω
κ κ
ε ωφ
ω
φ ε ω ω
− − − −+
+ + +− −+
− − − +
+
 + 
 Φ = =   − −   
  (3.7) 
where n = 0,1,2, and ( 1) ( 3 / 2)na n n
κ ω κ= Γ + Γ + + . The respective energy spectra 
are as follows: 
 
2 2
2 2
1 4 ( 1 2)
1 4
n
n
n
n
ε ω κ
ε ω
= ± + + +
= ± +
"
"
       (3.8) 
The lowest energy state, where 0ε  = 1, is associated with the following irregular spinor 
wavefunction: 
 
2 2 20 12 ( 1 2)( )
00
rr eκ ω
φ
ω κ ω
+
− −   Φ = = Γ − +   
  
 
To obtain the solution of all other problems in the class, one merely needs to make 
proper choices of the XPCT function, q(ρ), that preserve the functional form of the 
Dirac equation. That is, the choice of q(ρ) should be compatible with the relations (3.2) 
and (3.3). The implementation steps of this scheme are illustrated in Ref. 11. Taking 
2( )q ρ ρ=  solves the Dirac-Coulomb problem, while the choice ( ) (2 ) lnq ρ τ ρ= −  
results in a solution of the S-wave Dirac-Morse problem with τ being the range 
parameter. Choosing 1( )q νρ ρ += , where 0, 1ν ≠ ± , gives the solution of the relativistic 
problem with power-law potential at rest mass energy (ε = 1).10 As an illustrative 
example, we will generate the solution of the S-wave Dirac-Morse problem by applying 
the XPCT on the Dirac-Oscillator. Substituting the XPCT function ( ) (2 ) lnq ρ τ ρ= −  
in Eq. (3.2) gives ( )2( ) 2 rW r C e rττω κ−= − − . On the other hand, Eq. (3.3) give: 
 
( )
( )
2 2
2
2
  ½
2
1  ½
4
Tε ττµ κ
ε τ κ
= − + ±
−
= − ±
∓
"
"
        (3.9) 
where the top/bottom sign refers to the upper/lower spinor component and the parameter 
µ  is defined as 2 2 2 ( 1) 4µ ε ω≡ − "  which may depend on κ . The first equation in 
(3.9) is solved for  ½κ ±  which when substituted in the second gives a quadratic 
equation in ε. The result for the regular solution is 
 
{ }
( )
2 2 2( ½) 1 [ ( ½)] (1 )
and
 2 ½ 2 1
n
n n n n
n
T n T T n T
T n
ε τ τ
ε ε ε ε
κ ε τ
+ −
= − + ± + − + +
= = −
= ± + − −
" "
"
   (3.10) 
while, for the irregular solution it reads 
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( )
2 2 2
1
1 ( ) (1 )
and
 2 ½ 2 1 1
n
n n n n
n
Tn T Tn T
T n
ε τ τ
ε ε ε ε
κ ε τ
+ −
+
 = ± + − + 
= = −
= + + +
" "
∓ " ∓
     (3.11) 
The spinor wavefunctions are obtained, up to normalization constant, by the XPCT map 
(3.1) as ( )rφ ±  =  ( ) ( ) ( )q C Cε ε φ ρ± ′ ± ±  . The results are as follows: 
2/ 2
1 2( 1)/ 2
( ) ( )
( ) ( )
n n
n n
x
n n nn
n x
n n n n
a C C x e L x
a C C x e L x
ν ν
ν ν
εφ
φ ε
+ −+
− − −− −
 + 
 Φ = =   − −   
; max0,1,2,...,n n=  (3.12) 
2/ 2
1 1 11
2/ 2
1
( ) ( )
( ) ( )
n n
n n
x
n n nn
n x
n n n n
a C C x e L x
a C C x e L x
µ µ
µ µ
εφ
φ ε
+ −+
+ + ++
− − −
+
 + 
 Φ = =   − −   
 ; max0,1, 2,...,n n=  (3.13) 
where 2 rx e τω −= , n n
T nετν = −" , 1
1 1n nn
T nετµ ν +
+= − − =" , 
2
max 1 1 2n T τ
−≤ + −"  and 
2
max 1 1n T τ
−≤ + −" . The lowest energy state, where 20 1 1 T Cε = + = , is 
associated with the following irregular spinor wavefunction: 
 / 20 0
1
2
00
S xa x eτ
φ + + −   Φ = =   
  
"  
 
The spinor wavefunctions for all problems in the Dirac-Oscillator class are written 
in terms of the confluent hypergeometric function. Another class of exactly solvable 
relativistic potentials, whose spinor wave functions are written in terms of the 
hypergeometric function,9 includes Dirac-Rosen-Morse I & II, Dirac-Eckart, Dirac-
Pöschl-Teller, and Dirac-Scarf potentials. It also carries a representation of the graded 
so(2,1) superalgebra. A similar XPCT treatment could be carried out for this class 
where the reference problem is taken to be associated with any suitable one of these 
potentials, e.g. the Dirac-Rosen-Morse. Table 4 lists these two classes along with the 
XPCT function q(ρ) for each potential. 
 
 
4. Summary 
 
In conclusion, there are two ways to obtain solutions of all relativistic problems in a 
given potential class using the approach presented in this work. If the solution of any 
one of the problems in the class is known then, as shown in Sec. 3, applying XPCT 
maps that preserve the structure of the wave equation on this solution will produce the 
rest. However, if no solution is known, then any one of the problems should be solved 
by correspondence with a well known exactly solved nonrelativistic problem as shown 
in Sec. 2. Thereafter, XPCT maps this solution into those of the remaining problems in 
the class. 
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TABLE CAPTIONS 
 
 
Table 1: A comprehensive list of all known (up to date) relativistic problems, which are 
exactly solvable by the approach. For each problem, the Table gives the relativistic odd 
and even potential components W(r) and V(r), the transformation parameter η, the 
bound states energy spectrum nε  for the regular solution, and any relations among the 
parameters. For the nonrelativistic Woods-Saxon problem, the energy spectrum is 
obtained by the boundary constraint ( )0, , , ( ½)f E a R V n π= − ,
22 where 
( ) 10, , , tan ( ) arg (2 ) 2arg ( )f E a R V R a i iν ν µ ν µ ν−= − + Γ − Γ +  
2 22a Eµ = − , 2 2 202a Vν µ= −  
and 0, 1, 2,...n = ± ± . 
 
Table 2: A list of the second order differential equations for the upper spinor 
components and their corresponding nonrelativistic Schrödinger equations. These are 
used to generate the parameter maps shown for the regular solutions. 
 
Table 3: A list of the regular solutions for upper spinor radial wavefunctions. The lower 
spinor components can be obtained starting from Eq. (2.4) and following the same 
procedure as shown in the two examples of Sec. 2. 
 
Table 4: A list of relativistic potentials in the Dirac-Oscillator and Dirac-Rosen-Morse 
classes along with the XPCT function, q(ρ), for each potential in its respective class. 
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Table 1 
 
 
 
  
V(r) 
 
 
W(r) 
 
±η 
 
nε  
 
Parameters 
Relation 
 
Dirac-Coulomb 
 
Z r  
 
0 
 
1sin ( )Z κ− "  [ ]{ } 1/ 221 ( 1)Z nγ −+ + +"  
 
2 2 2 2Zκ γ= + "  
 
Dirac-Oscillator 
 
0 
 
2rω  
 
0 2 21 2 (2 1)nω κ+ + + +" $  
 
, 1κ = − −$ $  
 
Dirac-Morse 
 
rBe λ−−  
 
re rλτ κ−− −  
 
1sin ( )B τ− "  2 2 2 2( )A Bn Anτ λ τ λ−  + − " "  
 
2 2 2 2A Bτ = + "  
 
Dirac-Rosen-Morse I 
 
tanh( )B rλ  
 
tanh( )r rτ λ κ−  
 
1sin ( )B τ− "  ( )
( ) ( )
1 222 2 2 2
2 2
1
1
A A n
B A n
λ λ
λ λ −
 + − −
 
+ −  
" "
"
 
 
2 2 2 2A Bτ = + "  
 
Dirac-Eckart 
 
coth( )B rλ  
 
coth( )r rτ λ κ−  
 
1sin ( )B τ− "  ( )
( ) ( )
1 222 2 2 2
2 2
1
1
A A n
B A n
λ λ
λ λ −
 + − −
 
+ −  
" "
"
 
 
2 2 2 2A Bτ = + "  
 
Dirac-Rosen-Morse II 
 
0 
 
coth( ) csch( )A r B r rλ λ κ− −  
 
0 ( )22 2 2 21 A A nλ λ+ − −" "  
 
 
 
Dirac-Scarf 
 
0 
 
tanh( ) sech( )A r B r rλ λ κ+ −  
 
0 ( )22 2 2 21 A A nλ λ+ − −" "  
 
 
 
Dirac-Pöschl-Teller 
 
0 
 
tanh( ) coth( )A r B r rλ λ κ− − −  
 
0 [ ]22 2 2 21 ( ) ( ) 2A B A B nλ λ+ + − + +" "  
 
 
 
Dirac-Woods-Saxon 
( )1 r R
B
eλ −
−
+
 ( )1 r R
r
eλ
τ κ− −+
 
 
1sin ( )B τ−− "  
 
( )2 2 1 2( 1) 2 , , , 2 ( ½)f R B nε λ ε λ π−− − = +"  
 
2 2 2 2Bτ λ= + "  
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Table 2 
 
 
  
Relativistic 2nd order differential equation 
 
 
Nonrelativistic Schrödinger equation 
 
Parameters 
Map 
 
Dirac-Coulomb 
2 2
2 2 2
( 1) 12 0d Z
dr r r
γ γ ε ε
φ +
 + −
− + + − = 
 "
 
2
2 2
( 1) 2 2 0d Z E
dr r r
ψ
 +
− + + − = 
 
$ $  
2 2( 1) 2
Z Z
E
γ
ε
ε
→
→
→ −
$
"
 
 
Dirac-Oscillator 
2 2
4 2 2
2 2 2
( 1) 1(2 1) 0d r
dr r
κ κ ε
ω ω κ φ +
 + −
− + + + − − = 
 "
 
2
4 2
2 2
( 1) 2 0d r E
dr r
ω ψ
 +
− + + − = 
 
$ $  2 2
2
,
( 1) 2
(½ )
E
κ ω ω
ε
ω κ
→ →
→ −
+ −
$
"
 
 
Dirac-Morse ( )
2 2
2 2
2 2
12 0r rd A e A B A e
dr
λ λ εε λ φ− − +
 −
− + − + − = 
 "
 ( )
2
2 2
2 2 2 0
r rd A e A B e E
dr
λ λλ ψ− −
 
− + − + − = 
 
 
 
2 2
,
( 1) 2
A A B B A
E
ε
ε
→ →
→ − "
 
 
Dirac-Rosen-Morse I 
2 2
2
2 2 2
( ) 1
2 tanh( ) 0
cosh( )
d A A B r A
dr r
λ ε
ε λ φ
λ
+ + −− − + + − = 
 "
 
2
2
2 2
( ) 2 tanh( ) 2 0
cosh( )
d A A B r A E
dr r
λ
λ ψ
λ
 +
− − + + − = 
 
 
 
2 2
,
( 1) 2
A A B B
E
ε
ε
→ →
→ − "
 
 
Dirac-Eckart 
2 2
2
2 2 2
( ) 12 coth( ) 0
sinh( )
d A A B r A
dr r
λ ε
ε λ φ
λ
+ + −− + + + − = 
 "
 
2
2
2 2
( ) 2 coth( ) 2 0
sinh( )
d A A B r A E
dr r
λ
λ ψ
λ
 +
− + + + − = 
 
 
 
2 2
,
( 1) 2
A A B B
E
ε
ε
→ →
→ − "
 
 
Dirac-Rosen-Morse II 
2 2 2 2
2
2 2 2 2
cosh( ) 1(2 ) 0
sinh( ) sinh( )
d A B A rB A A
dr r r
λ λ ελ φ
λ λ
+ + + −− + − + + − = 
 "
 2 2 2 2
2 2 2
cosh( )(2 ) 2 0
sinh( ) sinh( )
d A B A rB A A E
dr r r
λ λλ ψ
λ λ
 + +
− + − + + − = 
 
 
2 2
,
( 1) 2
A A B B
E ε
→ →
→ − "
 
 
Dirac-Scarf 
2 2 2 2
2
2 2 2 2
sinh( ) 1
(2 ) 0
cosh( ) cosh( )
d A B A rB A A
dr r r
λ λ ε
λ φ
λ λ
+ − + −− − + + + − = 
 "
 2 2 2 2
2 2 2
sinh( )
(2 ) 2 0
cosh( ) cosh( )
d A B A r
B A A E
dr r r
λ λ
λ ψ
λ λ
 − +
− − + + + − = 
 
 
2 2
,
( 1) 2
A A B B
E ε
→ →
→ − "
 
 
Dirac-Pöschl-Teller 
2 2
2
2 2 2 2
( ) ( ) 1( ) 0
sinh( ) cosh( )
d B B A A A B
dr r r
λ λ ε φ
λ λ
+ − − −− + − + + − = 
 "
 
2
2
2 2 2
( ) ( ) ( ) 2 0
sinh( ) cosh( )
d B B A A A B E
dr r r
λ λ
ψ
λ λ
 − −
− + − + + − = 
 
 2 2
,
( 1) 2
A A B B
E ε
→ →
→ − "
 
 
Dirac-Woods-Saxon 
 
2 2 2
2 ( ) 2
2 12 0
1 r R
d B
dr eλ
ε λ ε
φ +−
 − −
− − − = + "
 
 
2
0
2 ( )
2 2 0
1 r R a
d V E
dr e
ψ−
 
− − − = + 
 
1
2
0
2 2
,
2
( 1) 2
R R a
V B
E
λ
ε λ
ε
−→ →
→ −
→ − "
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Table 3 
 
 
 
  
               ( )n rφ
+  
  
 
Variables & Parameters 
 
Dirac-Coulomb 
  
 
/ 21 2 1( ) ( )nrn n n na r e L r
λγ γλ λ−+ +  
 
2 2 2 , 2 ( 1)n nZ Z nγ κ λ ε γ= − = − + +"  
 
Dirac-Oscillator 
  
 
2 21 2 ½ 2 2( ) ( )rn na r e L r
κ ω κω ω+ − +  
 
 
 
Dirac-Morse 
  
 
22 ( )n nzn na z e L z
ν ν−  
 
, 2 ,r n nz e A B A n
λµ µ λ ν ε−= = = −"  
 
Dirac-Rosen-Morse I 
  
 
2 2 ( , )(1 ) (1 ) ( )
n n n n
n n n n
n na z z P z
µ ν µ ν
µ ν µ ν
+ −
+ −− +  
 
2tanh( ), ,n n n nz r A n Bλ µ λ ν ε µ λ= = − =  
 
Dirac-Eckart 
  
 
2 2 ( , )( 1) ( 1) ( )
n n n n
n n n n
n na z z P z
µ ν µ ν
µ ν µ ν
+ −
+ −− +  
 
2coth( ), ,n n n nz r A n Bλ µ λ ν ε µ λ= = − =  
 
Dirac-Rosen-Morse II 
  
 
2 2 ( ½, ½)( 1) ( 1) ( )n na z z P z
µ ν µ ν− −− +  
 
cosh( ), ( ) , ( )z r B A B Aλ µ λ ν λ= = − = − +  
 
Dirac-Scarf 
  
 
1
22 tan ( ) ( ½, ½)(1 ) ( )z i in na z e P iz
µ
ν µ ν µ ν−− − − − − − + −+  
 
sinh( ), ,z r A Bλ µ λ ν λ= = =  
 
Dirac-Pöschl-Teller 
  
 
2 2 ( ½, ½)(1 ) (1 ) ( )n na z z P z
µ ν µ ν− −− +  
 
cosh(2 ), ,z r B Aλ µ λ ν λ= = =  
 
Dirac-Woods-Saxon 
  
 
2 1(1 ) ( , 1 , 2 1; )n n
i
n n n n n na z z F i i z
µ ν µ ν µ ν µ− + + + +  
 
1( ) 2 2 2 2 2 2 21 , (1 ) , 2 1r R n n n n nz e B
λ µ ε λ ν ε λ µ
−− = + = − = − −  "  
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Table 4 
 
 
 
 
Potential 
Classes 
  
q(ρ) 
 
 
Dirac-Coulomb 
  
 
2ρ  
 
 
Dirac-Oscillator (reference) 
  
 
ρ 
 
  
D
irac-O
scillator 
 
 
Dirac-Morse 
  
 
(2 )lnλ ρ−  
 
 
Dirac-Rosen-Morse I 
  
 
[ ]1 1tanh cosh( )λ λρ− −  
 
 
Dirac-Eckart 
  
 
[ ]1 1coth cosh( )λ λρ− −  
 
 
Dirac-Rosen-Morse II (reference) 
  
 
ρ 
 
 
Dirac-Scarf 
  
 
[ ]1 1sinh cosh( )iλ λρ− − −  
 
  
D
irac-R
osen-M
orse 
 
 
Dirac-Pöschl-Teller 
  
 
2ρ  
 
 
